An unambiguous definition of Feynman amplitudes in the Wess-Zumino-Witten sigma model and the Chern-Simon gauge theory with a general Lie group is determined by a certain geometric structure on the group. For the WZW amplitudes, this is a (bundle) gerbe with connection of an appropriate curvature whereas for the CS amplitudes, the gerbe has to be additionally equipped with a multiplicative structure assuring its compatibility with the group multiplication. We show that for simple compact Lie groups the obstruction to the existence of a multiplicative structure is provided by a 2-cocycle of phases that appears in the Polyakov-Wiegmann formula relating the Wess-Zumino action functional of the product of group-valued fields to the sum of the individual contributions. These phases were computed long time ago for all compact simple Lie groups. If they are trivial, then the multiplicative structure exists and is unique up to isomorphism.
I. INTRODUCTION
It has been known from the early works [1, 7, 19, 32] on the Wess-Zumino-Witten (WZW) two-dimensional sigma models that the consistency of such quantum field theories imposes restrictions on the possible values of the coupling constant k called the level. In the more modern geometric language, the consistency requires the existence of a gerbe with connection over the target group G, with the curvature of the gerbe equal to the closed 3-form
on G [3] [12] [14] [16] . Such a gerbe G k exists if and only if the periods of H k are integers. For simple compact simply-connected groups, this occurs when k ∈ Z, assuming a proper normalization of the bilinear ad-invariant form tr XY on the Lie algebra g of G that appears on the right hand side of Eq. (1). For non-simply connected groups, the integrality of the periods of H k may impose more constraints on the level k. For example, the consistency of the WZW model with the SO(3) target requires even levels. In [7] , such restrictions were analyzed for all simple compact groups. Similar results were obtained in [10, 20, 26, 27] via an algebraic approach that interpreted the corresponding WZW models as "simple current orbifolds". The gerbe G k over G determines in a canonical way the "holonomy"
defined for maps ϕ from a closed oriented surface Σ to G [3, 12, 16] . By definition, such maps are the classical fields of the WZW model and the holonomy H G k (ϕ) defines the contribution of the Wess-Zumino action to the Feynman amplitude of the field ϕ. The gerbe holonomy is invariant under the composition of fields with orientation-preserving diffeomorphisms D of Σ:
The other important property of the holonomy relating it to the curvature form of the gerbe is the identity
holding for 1-parameter families (i.e. homotopies) of classical fields ϕ t = φ(t, · ) with φ : [0, 1] × Σ → G. As noticed in [33] , the 2-dimensional WZW theory with simply-connected target groups is closely related to the 3-dimensional Chern-Simons (CS) gauge theory of the same level k. The existence of the CS theory with a non-simply connected gauge group imposes, however, stronger restrictions on the level [13, 21] . For example, the SO(3) CS theory requires k divisible by 4. The topological origin of the difference between the two restrictions has been explained in [5] . In [4] , the cohomological discussion of [5] was lifted to the geometric level by showing that the CS theory with gauge group G requires an additional structure on the gerbe G k turning it into a "multiplicative gerbe". The argument was completed in [31] by including connections into the discussion of multiplicative structures. It was shown there that a multiplicative gerbe G k with connection permits to define unambiguously Feynman amplitudes of the CS theory. More exactly, for every gauge connection A on a G-bundle over a manifold M , it determines canonically a 2-gerbe K(A) over M (a geometric structure of one degree higher) with curvature equal to the Pontryagin 4-form k 8π 2 tr F (A) 2 . Given a map φ of a closed oriented 3-dimensional manifold into M , the CS Feynman amplitude of the gauge field A is given as the holonomy of the 2-gerbe K(A) along φ [31] . It was also shown in [31] that the multiplicative gerbe G k determines canonically a central extension of the loop group LG. The latter provides the extended chiral algebra of the corresponding WZW theory whereas the WZW models corresponding to gerbes G k without multiplicative structure possess less extended or unextended chiral algebras. E.g. the chiral algebra of the SO(3) WZW theory with k divisible by 4 is the provided by the central extension of LSO(3) whereas for k even but not divisible by 4 it is given by the central extension of the loop group LSU (2) [20] .
For simple compact simply-connected groups G, the multiplicative structure on G k always exists and is unique up to isomorphism [31] . In the present paper, we address the question of obstructions to the existence of a multiplicative structure on the gerbe G k over simple compact non-simply connected groups G with fundamental group π 1 (G) = Z, as well as the classification of such structures.
We show that the unique obstruction is provided by the U (1)-valued phases c ϕ1,ϕ2 that appear in the formula
that relates the holonomy of the point-wise product of two group-valued fields ϕ 1,2 : Σ → G to the product of the individual holonomies. Above,
is a 2-form on the double group G × G ≡ G 2 . That Eq. (4) holds with c ϕ1,ϕ2 ≡ 1 for simply connected groups G is the content of the Polyakov-Wiegmann formula that for the first time appeared (in an equivalent form) in [25] , see also [6] . Its generalization to the non-simply-connected groups G was obtained in [7] where the phases c ϕ1,ϕ2 were computed for the surface Σ of genus 1. In the latter case, they reduce to a certain U (1)-valued 2-cocycle c on the group Z × Z ≡ Z 2 that we shall call, accordingly, the FGK cocycle. Our main result states that a multiplicative structure on the gerbe G k over a non-simply-connected group G exists if and only if the FGK cocycle is identically equal to 1. Under this condition, such a structure on G k is unique up to isomorphism. Thus, the computation of the FGK cocycle for all simple compact Lie groups in [7] provides a complete classification of multiplicative structures on the gerbes G k .
The paper is organized as follows. In Sec. II, we recall that a multiplicative structure on the gerbe G k requires, in particular, that a certain gerbe with vanishing curvature (i.e. flat) over the group G 2 , constructed from the gerbe G k over G, be trivial. Isomorphism classes of flat gerbes over G 2 may be identified [12] with cohomology classes of U (1) -valued 2-cocycles on the group G 2 . Consequently, such classes provide cohomological obstructions to the triviality of flat gerbes. The corresponding cohomology group is calculated by standard tools of homological algebra. On the other hand, a flat gerbe over G 2 is trivial if and only if its holonomy is trivial. For the flat gerbe mentioned above, the latter property is equivalent to the strict Polyakov-Wiegmann formula without additional phases that may appear in the general case (4). We explain in Sec. III how such phases give rise to the FGK 2-cocycle. In Sec. IV, we recall from [7] the calculation of this cocycle and in Sec. V, we clarify the relation between the cohomological obstruction classes and the FGK cocycles by connecting both to bihomomorphisms in Hom(Z ⊗ Z, U (1)). Such bihomomorphisms appeared in the algebraic approach [8, 20] to simple current orbifolds of the WZW models.
The following sections of the paper are devoted to a more thorough discussion of multiplicative gerbes. In Sec. VI, after some preparations, we formulate an abstract definition of a multiplicative gerbe equivariant with respect to the action of a discrete group. This is done in a way that allows to view multiplicative gerbes over non-simplyconnected groups G as multiplicative gerbes over their universal coversG that are equivariant under the deck action of Z = π 1 (G). Sec. VII describes equivariant multiplicative gerbes in terms of local data. The local description permits an analysis of obstructions to the existence of equivariant multiplicative gerbes that we perform in Sec. VIII. We show that in the case of multiplicative gerbes over the groupG equivariant under the deck action of Z, the only obstructions that may be non-trivial belong to the cohomology groups H 3 (Z, U (1)) and H 2 (Z 2 , U (1)). The first one obstructs the existence of the gerbe G k over the group G =G/Z and was studied in detail in [17] . The second one in H 2 (Z 2 , U (1)) is the cohomological obstruction, mentioned above, to the existence of a multiplicative structure on the gerbe G k . Its triviality is equivalent to the triviality of the FGK 2-cocycle. Finally, in Sec. IX, we discuss equivalences of equivariant multiplicative gerbes and prove that all multiplicative structures on the fixed gerbe G k are isomorphic. Conclusions summarize the results of the paper and discuss perspectives for the further work.
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II. COHOMOLOGICAL OBSTRUCTIONS
The principal geometric objects that we shall deal with in this paper are hermitian bundle gerbes with unitary connection over a manifold M [22, 23] , called below "gerbes" for short. The curvature of a gerbe is a closed 3-form over M . Gerbes over M form a 2-category [29] with objects, 1-morphisms between objects (called also "stable morphisms" or simply "morphisms") and 2-morphisms between 1-morphisms, see also Sec. 2.1 of [18] . One may define tensor product of gerbes, their duals and their pullbacks. The isomorphism classes of flat gerbes form a group that may be naturally identified with the cohomology group H 2 (M, U (1)) [12, 16] . We shall study gerbes, equipped with additional structures, over Lie groups.
LetG be a simple, compact, connected and simply-connected Lie group and let Z be a subgroup of its center:
The non-cyclic case occurs for Z = Z(Spin(4r)). More complicated discrete Abelian groups appear if one admits non-simple groupsG that will not be discussed here. We shall consider the quotient Lie groups G =G/Z that are non-simply connected for nontrivial subgroups Z since π 1 (G) = Z. The deck action of Z onG may be identified with its action by the group multiplication. Eq. (1) defines closed bi-invariant 3-forms H k on G that pull back to 3-formsH k onG given by the same formula.
Let G k be a gerbe with curvature H k over G. Such a gerbe exists if and only if the 3-form H k is integral (i.e. has integral 3-periods). The normalization in Eq. (1) is chosen so that this happens for k ∈ Z if the subgroup Z is trivial but only for certain levels k ∈ Z for non-trivial Z. Gerbes G k , when they exist, are unique up to isomorphism except for G = Spin(4r)/Z 2 2 = SO(4r)/Z 2 where, for each k ∈ 2Z if r is odd and for each k ∈ Z if r is even, there are two isomorphism classes of gerbes with curvature H k [17] . As already mentioned in the Introduction, gerbes G k are employed in the definition of Feynman amplitudes in the Wess-Zumino-Witten (WZW) sigma models with target groups G, see also [12, 14, 16] .
We shall use the notion of a multiplicative gerbe over Lie groups in the version that appeared in [31] as a refinement of the concept introduced in [4] . A multiplicative gerbe may be viewed as an ordinary gerbe over a Lie group equipped with a multiplicative structure. The latter assures the compatibility of the gerbe with the group multiplication. As explained in [4] and [31] , the gerbe G k over group G equipped with a multiplicative structure canonically determines Feynman amplitudes in the CS theory with gauge group G. A precise definition of a multiplicative gerbe may be found in Sec. VI below. Here, we shall only briefly elucidate this notion. First, let us remark that the curvature form H k of the gerbe G k satisfies the identity
Since a direct calculation shows that on
with the natural notation for the projections p ij : G 3 → G 2 , we infer that the exponential terms on the right hand side of Eqs. (26) and (27) coincide and, consequently, that
i.e. that c ϕ1,ϕ2 is a U (1)-valued 2-cocycle on the group of maps ϕ : Σ → G. 2. Second, c ϕ1,ϕ2 depends only on the homotopy classes of ϕ 1 and ϕ 2 . Indeed, if ϕ 1 is homotopic to ϕ ′ 1 and ϕ 2 is homotopic to ϕ 
Using the relation (6), we infer that
where [ϕ] denotes the homotopy class of the map ϕ : Σ → G. Such homotopy classes are in one-to-one correspondence with elements of Z 2γ , where γ is the genus of Σ. The element (z 1 , z 2 , ..., z 2γ−1 , z 2γ ) corresponding to [ϕ] is given by the holonomies where on the right hand side the product is taken in
3. Third, it is easy to see from the definition of the 2-cocycle
In order to obtain this relation, just calculate c is the same for all surfaces in the family because the holonomies (30) are the same. On the other hand, since the fundamental group of G is commutative, the holonomy of A ϕ around the pinched curves is trivial and one may take fields that extend smoothly to the limiting surface with pinched handles giving rise the the product expression on the right hand side. It is then enough to consider surface Σ of genus 1, i.e. the torus
on the finite group Z 2 , the FGK cocycle. Let us stress that it is the non-triviality of the FGK cocycle c (z1,z2),
and not of its cohomology class in H 2 (Z 2 , U (1)), that obstructs the existence of a multiplicative structure on the gerbe G k over the group G =G/Z.
It is well known that 2-cocycles on a group are related to projective representations. In particular, the FGK 2-cocycle c is related to a projective representation Ψ → (z1,z2) Ψ of Z 2 in the space of quantum states of the group G CS theory on the 3-manifold T 2 × R [13] . This space is spanned by the characters of the central extension of the loop group LG. The FGK 2-cocycle characterizes the projectivity of the representation:
If c ≡ 1 then the representation of Z 2 is genuine rather than projective. In this case, one may define the subspace of the Z 2 -invariant states which forms the space of quantum states of the CS theory with the non-simply-connected group G =G/Z on the same manifold T 2 × R. The subspace of the Z 2 -invariant states Ψ is spanned by the characters of the central extension of the loop group LG that is determined by the corresponding multiplicative gerbe. As already mentioned, such a central extension provides the extended chiral algebra of the corresponding group G WZW model. In particular, when c ≡ 1, the toroidal partition function of the group G WZW model is a diagonal combination of the absolute values squared of the characters of the extended chiral algebra.
IV. CALCULATION OF THE FGK COCYCLE
The calculation of the 2-cocycles c (z1,z2),(z ′ 1 ,z ′ 2 ) to which case Eq. (31) reduces the general expression, has been done in ref. [7] . Let us recall (and slightly complete) the argument of [7] .
We shall start from the cyclic case when Z = Z N with the generator ζ = e 2πi θ for some θ = 0 in the coweight lattice P ∨ of group G. Recall that the existence of a gerbe G k with curvature H k over the group G =G/Z requires the integrality of H k . As was shown in [7] , the latter is equivalent to the condition
that selects the admissible levels k ∈ Z. To each pair (m, n) of integers, we may associate a field configuration ϕ m,n :
Note that the homotopy class of ϕ m,n
Since ϕ m,n takes values in the circle { e iσθ ∈ G | σ ∈ [0, 2π[ } and all gerbes over S 1 are trivial up to isomorphism, it follows that
As a result,
Note that the relation (32) implies directly that c (m,n),(m ′ ,n ′ ) depends only on the classes modulo N of the integers m, n, m ′ , n ′ . Besides, c (m,n),(m ′ ,n ′ ) ≡ 1 if and only if
Let us observe that in the particular case when N = 2 and k trθ 2 is an integer, one has:
for e (m,n) = e πi k mn tr θ 2 so that the FGK 2-cocycle is cohomologically trivial although it is non-trivial if k tr θ 2 is an odd integer as for Z = Z(SU (2)) at even levels not divisible by 4. This shows that the requirement of triviality of the FGK cocycle is, in general, strictly stronger than the requirement of its cohomological triviality.
Consider now the case when Z = Z(Spin(4r)) = Z 2 2 and is generated by ζ 1 = e 2πi θ1 and ζ 2 = e 2πi θ2 for certain θ 1 , θ 2 ∈ P ∨ . As was shown in [7] , the integrality of the 3-form
(ref. [7] considered an additional restriction that required that k tr θ 1 θ 2 be integral; we drop it here). An inspection shows that tr θ 1 θ 2 is always a half-integer and that tr θ 2 1 and tr θ 2 2 are integers when r is even and, say, the first one is a half-integer and the second one an integer when r is odd. It follows that the gerbes G k over Spin(4r)/Z 2 2 exist for all k ∈ Z if r is even and for all k ∈ 2Z if r is odd, as already indicated in Sec. II. Eq. (34) with mθ standing now for m 1 θ 1 + m 2 θ 2 and nθ for n 1 θ 1 + n 2 θ 2 associates a field configuration ϕ m,n : T 2 → G to a pair (m, n) of vectors in Z 2 with m = (m 1 , m 2 ) and n = (n 1 , n 2 ). The relation (34) still hold with
. If the vectors m and n are parallel, then ϕ m,n takes values in a circle in G and, for dimensional reasons, the identity (35) still holds. The integral homology group H 2 (G) ∼ = H 2 (Z) ∼ = Z 2 is generated by ϕ (1,0),(0,1) [7] . It is easy to see from the local expression for the gerbe holonomy that
The latter equality is obtained by noting that there exists a smooth mapg : D → G defined on the unit disc D such thatg(0) = 1 andg(e iσ1 ) = e 2iσ1θ1 so thatg(t e iσ1θ1 ) e iσ2θ2 provides the homotopy between ϕ (0,0),(0,1) and ϕ (2,0),(0,1) . The use of this homotopy leads via Eq. (3) to the left equality in (38) [7] . We infer that
Different choices of the sign correspond to the holonomy of gerbes G k in two different isomorphism classes. The invariance (2) of the gerbe holonomy under the orientation-preserving diffeomorphisms of T 2 implies that
for ( a b c d ) ∈ SL(2, Z) (where m, n,m,ñ are treated as column vectors). Using this invariance, it is easy to see that
m∧n whenever the components of m and n are 0 or 1 for m ∧ n = m 1 n 2 − m 2 n 1 . Employing similar homotopies as before, one may check that this equation remains true for all m, n ∈ Z 2 . Finally, the definition (25) gives the result:
It is straightforward to verify directly using Eqs. (37) that the right hand side depends on the classes of m, n, m
if the pairs (m, n) and (m,ñ) are related as in (39). It is easy to check that c (m,n),(m ′ ,n ′ ) ≡ 1 if and only if the upper sign is chosen on the right hand side of Eq. (40) and k ∈ 2Z if r is even or k ∈ 4Z when r is odd. Note that the expression (40) for c (m,n),(m ′ ,n ′ ) encompasses also the formula (36) if we set m ∧ n ≡ 0 for Z = Z N .
Summarizing, the obstruction FGK 2-cocycle c (m,n),(m ′ ,n ′ ) on Z 2 is given by Eq. (40). We have included a table in Sec. X listing those values of k for which the FGK cocycle is trivial.
V. FGK COCYCLE AND THE COHOMOLOGICAL OBSTRUCTION
The obstruction cohomology class κ ∈ H 2 (G 2 , U (1)) ∼ = Hom(H 2 (G 2 ), U (1)) that corresponds to the isomorphism class of the flat gerbe K k over G 2 defined by (9) may be easily described explicitly. Indeed, it assigns to fields ϕ 1 × ϕ 2 : Σ → G 2 inducing the homology classes [ϕ 1 × ϕ 2 ] ∈ H 2 (G 2 ) their holonomy with respect to the gerbe K k :
Let us first consider the case with Z = Z N . Here
see (19) and (20), with the first isomorphism given by the cross product. The group H 1 (G) ∼ = Z is composed of the homology classes of the maps
that correspond to elements ζ m ∈ Z for ζ = e 2πi θ . Consequently, H 2 (G 2 ) is composed of the cross products of the latter classes. These are the homology classes of the maps
i.e. of ϕ m,0 × ϕ 0,n in the notation of Eq. (33). Eqs. (41) and (36) give for the paring of these classes with the cohomology class κ the result:
The right hand side induces a bihomomorphism ξ κ :
The discussion of Sec. II relating bihomomorphisms to the cohomology classes, see Eq. (24), permits to identify κ with the class in
Let us pass now to the case with Z = Z 2 2 . Here
see the results (19) and (20) . The first (resp. second) copy of H 2 (G) ∼ = Z 2 injects into H 2 (G 2 ) to the homology classes of the fields ϕ m,n × ϕ 0,0 for m, n ∈ Z 2 (resp. of the fields ϕ 0,0 × ϕ m,n ). The holonomy of gerbe K k is trivial along such fields so that
On the other hand, similarly as before, H 1 (G) ⊗ H 1 (G) injects to the homology classes in H 2 (G 2 ) of the fields ϕ m,0 × ϕ 0,n so that
see Eq. (40). Again, the right hand side induces a bihomomorphism ξ κ :
It permits to identify κ with the cohomology class in
on Z 2 , see again Eq. (24) . Note that the formula (43) encompasses also the expression (42) if, as before, we set m ∧ n ≡ 0 for Z = Z N and that the bihomomorphisms ξ κ satisfy the relation
It is well known that the elements z ∈ Z correspond to simple currents J z of the level k WZW theory [26] , i.e. to primary fields that induce under fusion with other primary fields a permutation of the latter. The conformal weights ∆ z of the primary fields J z satisfy the relation
The conditions (32) for Z = Z N or (37) for Z = Z 2 2 are equivalent to the requirement that the simple currents J z for z ∈ Z be effective (in the terminology of [10] ), i.e. that
where N z stands for the order of the element z. Eq. (44) becomes the identity
Bihomomorphisms with the above property on arbitrary groups of effective simple currents have been studied in the context of simple-current orbifolds of conformal field theories in [20] . In [8] they were called the Kreuzer-Schellekens (KS) bihomomorphisms. Note that if
then ξ κ (z, z) = 1. Such bihomomorphisms are called alternating. They are in one-to-one correspondence, see Lemma 3.16 of [8] , with the cohomology classes in H 2 (Z, U (1)). The latter group is trivial for Z = Z N and in this case the condition (45) assures the triviality of the KS bihomomorphism ξ κ . For Z = Z 2 2 , however, H 2 (Z, U (1)) = Z 2 and even if the condition (45) is satisfied, the KS bihomomorphism ξ κ may be non-trivial which indeed happens for the choice of the gerbe G k corresponding to the lower sign on the right hand side of Eq. (43).
As we have shown, there is a close relation between the cohomology class κ obstructing the existence of a stable isomorphism (8) and the FGK obstruction 2-cocycle c on Z 2 obtained from the generalized Polyakov-Wiegmann formula. The cohomology class κ comes from the KS bihomomorphism ξ κ : Z 2 → U (1) of Eq. (43) via the embedding
with the first arrow mapping ξ κ into the cohomology class of the 2-cocycle
On the other hand, the FGK 2-cocycle on Z 2 has the form
The triviality of the obstruction cohomology class κ generated by χ κ must be equivalent to the triviality of the KS bihomomorphism ξ κ . This may be also checked by a direct calculation. On the other hand, the triviality of the bihomomorphism ξ κ is clearly equivalent to that of the FGK 2-cocycle c. This establishes the equivalence of three different presentations of the obstruction. Note, for example, that in the case with Z = Z 2 , the bihomomorphism ξ κ given by Eq. (42) is non-trivial if k tr θ 2 is an odd integer and the corresponding 2-cocycle χ is cohomologically non-trivial whereas, as discussed above, the FGK 2-cocycle c is non-trivial but cohomologically trivial.
VI. EQUIVARIANT MULTIPLICATIVE GERBES
In this section we shall define multiplicative and equivariant-multiplicative structures on gerbes over Lie groups G. Some preliminary notations will be needed. First we recall that the sequence {G p } of powers of G forms a simplicial manifold. Here we only need one aspect of this assertion, namely that there are "face maps" ∆
and that these face maps satisfy the simplicial relations
for all h < k. Such a structure is also called an "incomplete" simplicial manifold. Notice that the group multiplication m : G × G → G and the projections p 1,2 : G × G → G can be rediscovered as ∆ 2 1 = m, ∆ 2 2 = p 1 and ∆ 2 0 = p 2 . We will sometimes suppress the upper index of ∆ p k . A differential form ω ∈ Λ n (G 2 ) will be called multiplicative, if
In this case we denote the n-form (48) by ω ∆ . Multiplicative structures are considered for pairs (G, ω) composed of a gerbe G over G with curvature H and a multiplicative 2-form ω ∈ Λ 2 (G 2 ) satisfying
Our main example will involve the pair (G k , ω k ) composed of a gerbe with the curvature 3-form H k of Eq.
(1) and of the 2-form ω k of Eq. (5). In this case, the identity (49) is shown by Eq. (6) and ω k is multiplicative due to Eq. (28) . A multiplicative structure [31] on (G, ω) is a 1-isomorphism
of gerbes over G 2 and a 2-isomorphism
between 1-isomorphisms of gerbes over G 3 which satisfies a natural pentagon axiom over G 4 . The condition that ω is multiplicative is required for the existence of α. In the particular case of the pair (G k , ω k ), the isomorphism M is the isomorphism (8) 
which is compatible with α a and α b in a certain way [31] . Equivalent multiplicative gerbes have the same curvature 3-form H and the same multiplicative 2-form ω.
Next we combine a multiplicative structure on a gerbe G with an equivariant structure. In general, if a discrete group Z acts smoothly on the left on a manifold M over which a gerbe G is defined, a Z-equivariant structure on G [18] consists of a collection of isomorphisms
where zG := (z −1 ) * G, and a collection of 2-isomorphisms
such that the diagram
of 2-isomorphisms is commutative. We need the following facts:
1. Suppose that we have two manifolds M 1 and M 2 with smooth left actions of discrete groups Z 1 and Z 2 , respectively. Suppose further that ϕ : Z → Z ′ is a group homomorphism and that f : M 1 → M 2 is a smooth map that exchanges the actions in the sense that
for all x ∈ M 1 and z ∈ Z 1 . Then, the pullback f * G of a Z 2 -equivariant bundle gerbe over M 2 carries a canonical Z 1 -equivariant structure.
2. In the case when Z acts freely and properly on M , the quotient M/Z is a smooth manifold and the projection p : M → M/Z is a surjective submersion. The pullback p * G of a gerbe G over M/Z carries a canonical Zequivariant structure. Conversely, every gerbe G over M with a Z-equivariant structure defines a "descent" gerbe Des Z (G) over M/Z. These two procedures are inverse to each other in an appropriate sense, see [18] .
3. Suppose that we have two smooth manifolds M 1 and M 2 , both with free and proper left actions of discrete groups Z 1 and Z 2 , respectively. Given a group homomorphism ϕ : Z 1 → Z 2 and a smooth map f : M 1 → M 2 satisfying (54), there exists a unique map g :
Thus, descent is compatible with pullbacks. It is also compatible with tensor products.
We further need the definition of Z-equivariant isomorphisms and 2-isomorphisms. For an isomorphism being Zequivariant is not a property but additional structure. A Z-equivariant structure on an isomorphism B :
such that the diagram 
of 2-isomorphisms is commutative. In case of a free and proper group action, equivariant isomorphisms and 2-isomorphisms descent to the quotient in a way compatible with pullbacks and tensor products. In order to combine a multiplicative structure with an equivariant structure, the action ρ : Z × G → G has to be compatible with the group multiplication of G in the sense that ρ is a group homomorphism. We will call such group actions "multiplicative". Multiplicative groups actions have the following two properties: if we let Z p act componentwise on G p , the face maps ∆ p k : G p+1 → G p introduced above satisfy condition (54), where the group homomorphism ϕ : Z p → Z p−1 is given by the face map ∆ p k of the group Z. In other words, there are commutative diagrams
for all p and 0 ≤ k ≤ p. This property of the action ρ guarantees, for instance, that if G is a Z-equivariant gerbe over G, the pullbacks m * G, p * 1 G and p * 2 G are Z 2 -equivariant gerbes over G 2 . The second property of a multiplicative group action is that in case of a free and proper group action, in which the quotient G/Z is again a Lie group, the projection p : G → G/Z is a Lie group homomorphism. Most importantly, all of this holds for Z a subgroup of the center of G acting by multiplication. Given a multiplicative group action, equivariant multiplicative structures are considered for pairs (G, ω) of a gerbe G over G and a multiplicative, Z 2 -invariant 2-form ω ∈ Λ 2 (G 2 ) satisfying (49) as before. Notice that such 2-forms define Z 2 -equivariant trivial bundle gerbes I ω . We say that a Z-multiplicative structure on (G, ω) is a Z-equivariant structure (A z , ϕ z1,z2 ) on G, a Z 2 -equivariant isomorphism (M, η z1,z2 ) like in (50) and a Z 3 -equivariant 2-isomorphism α like in (51), satisfying the pentagon axiom. Two Z-multiplicative gerbes are equivalent, if there exists a Z-equivariant isomorphism (B, κ z ) : G a → G b and a Z 2 -equivariant 2-isomorphism β like in (52), satisfying the same compatibility condition.
The purpose of Z-multiplicative gerbes over G is that they correspond, for a free and proper group action, to multiplicative gerbes over the quotient G ′ = G/Z. This follows from the properties of equivariant structures listed above: the Z-equivariant gerbe G determines a bundle gerbe
, and this 2-form is again multiplicative. Thus, the Z 2 -equivariant 1-isomorphism M determines a 1-isomorphism
In the same way, the Z 3 -equivariant 2-isomorphism α determines a 2-isomorphism α ′ as required for a multiplicative gerbe over G ′ . This 2-isomorphism α ′ automatically satisfies the pentagon axiom. Thus every Z-multiplicative gerbe over G determines a multiplicative gerbe over the the quotient G ′ . In the same way, equivalent Z-multiplicative gerbes determine equivalent multiplicative gerbes over G ′ .
Summarizing, if Z is a discrete group acting on the left on a Lie group G in a smooth, multiplicative and free and proper way, we have a bijection between equivalence classes of Z-multiplicative gerbes over G and equivalence classes of multiplicative gerbes over G/Z. The goal of the following sections is to classify Z-multiplicative structures on the pairs (G k , ω k ) over all compact, simple and simply-connected Lie groups G, for Z a subgroup of the center of G.
VII. LOCAL DESCRIPTION OF EQUIVARIANT MULTIPLICATIVE GERBES
In this section we connect the geometrical definition of equivariant multiplicative gerbes to the cohomological language used in the first five sections. The cohomology theory that is most appropriate for gerbes, i.e. hermitian bundle gerbes with unitary connection, is the (real) Deligne cohomology. We shall recall some basic facts about it [11, 12, 18] .
Let us first consider a general manifold M . We denote by U the sheaf of smooth U (1)-valued functions, and by Λ q the sheaf of q-forms.
For O an open cover of M , the Deligne cohomology H n (O, D (2)) is the cohomology of the complex
with the cochain groups (2)) turning the Deligne cohomology groups into a direct system of groups. Its direct limit is denoted H n (M, D (2)).
Let us briefly recall what local data of gerbes, isomorphisms and 2-isomorphisms are, for the details we refer the reader to [18] . For a given gerbe G over M , one can choose a sufficiently "good" open cover O of M that permits to extract a cocycle c ∈ A 2 (O), D 2 c = 0, in a certain way. Suppose that two gerbes G 1 and G 2 are given, and O 1 and O 2 are open covers that permit to extract cocycles c 1 and c 2 . Suppose further that A : G 1 → G 2 is an isomorphism. Then one can choose a common refinement O of O 1 and O 2 that permits to extract a cochain b ∈ A 1 (O) such that c 2 = c 1 + D 1 b. The cochains for isomorphisms add under the composition of these isomorphisms. Finally, if a 2-isomorphism ϕ : A 1 ⇒ A 2 is given and b 1 and b 2 are cochains for A 1 and A 2 , respectively, for a suitable open cover O, one can always extract a cochain a ∈ A 0 (O) such that b 2 = b 1 +D 0 a. The cochains for 2-isomorphisms add under both the horizontal and the vertical composition of 2-isomorphisms. Conversely, one can reconstruct gerbes, isomorphisms and 2-isomorphisms from given local data, and the two procedures are inverse to each other in an appropriate sense. In particular, they establish a bijection between H 2 (M, D (2)) and the set of isomorphism classes of gerbes over M .
In the following we want to apply the procedure of extraction of local data to an equivariant multiplicative gerbe. This requires a careful discussion of open covers O p = {O than V p , also the new covers O p permit to extract local data of the given structure. We can hence assume that one can always choose sufficiently fine Z-simplicial sequences of open covers.
For a given Z-simplicial sequence {O p } of open covers, we consider the groups
with elements denoted like x z1,...,zq ∈ A n (O p ), for z 1 , ..., z q elements in Z p . On the groups K p,q,n we find three operators: the first is the Deligne differential
with (D p,q,n (x)) z1,...,zq := D n (x z1,...,zq ).
The second is the "group cohomology differential of the group Z p "
with (δ p,q,n (x)) z0,...,zq := z 0 x z1,...,zq − x z0z1,...,zq + ... ± x z0,...,zq−1 , whose definition uses the lift (63) of the Z p -action to the Deligne cochain group A n (O p ). The third operator we have is the simplicial operator
whose definition uses the lift (60) of the face maps to the Deligne cochain groups. Notice that in (66) z 1 , ..., z q are elements of Z p+1 and ∆ p k : Z p+1 → Z p is the face map of the group Z. Due to the co-simplicial relations (61), we have ∆ p+1,q,n • ∆ p,q,n = 0. The Deligne differential D commutes with pullbacks, and thus with both operators δ and ∆. Further, the differentials δ and ∆ commute due to (65). This endows K p,q,n with the structure of a triple complex.
Now we are prepared to list local data of a Z-equivariant multiplicative gerbe over G. We chose a Z-simplicial sequence {O
p } of open covers that permit to extract local data of G and all involved isomorphisms and 2-isomorphisms. Then, the Z-equivariant gerbe (G, A z , ϕ z1,z2 ) has local data c ∈ K 1,0,2 , b ∈ K 1,1,1 and a ∈ K 1,2,0 satisfying the relations
,0 a and δ 1,2,0 a = 0 , of which the last one is the commutativity of diagram (53), see [18] . The Z 2 -equivariant isomorphism (M, η z1,z2 ) has local data β ∈ K 2,0,1 and φ ∈ K 2,1,0 satisfying
where the third is the commutativity of diagram (56), and the 2-form ω is regarded as an element in A 2 (O 2 ) corresponding to the trivial gerbe I ω . Finally, the Z 3 -equivariant 2-isomorphism α has local data d ∈ K 3,0,0 such that
where the second is the commutativity of diagram (57) and the third is the pentagon axiom for α.
We also need to relate local data of two equivalent Z-multiplicative gerbes. Suppose the equivalence is expressed by a Z-equivariant isomorphism (B, κ z ) and a Z 2 -equivariant 2-isomorphism β as discussed in Sec. VI. Suppose further that we have chosen a Z-simplicial sequence of open covers that are fine enough to extract local data of all involved gerbes and isomorphisms. Then, the Z-equivariant isomorphism (B, κ z ) has local data r ∈ K 1,0,1 and s ∈ K 1,1,0 , and the Z 2 -equivariant 2-isomorphism β has local data t ∈ K 2,0,0 . These relate local data (c 1 , b 1 , a 1 , β 1 , φ 1 , d 1 ) and (c 2 , b 2 , a 2 , β 2 , φ 2 , d 2 ) of the Z-multiplicative gerbes by
the last equation expressing the equivariance of (B, κ z ), and
We remark that the local data of a Z-multiplicative gerbe does not automatically define a cocycle in the total complex of the triple complex K p,q,n , due to the appearance of the 2-form ω in (67). In [31] the 2-form has been included into the complex, but here this will not be necessary.
to the case that one cover refines the other. Then, local data for the finer cover can be chosen as the restriction of the local data for the coarser one. In this case, the identification (71) produces the same U (1)-numbers and hence the same cocycle u. Presume further that we either had chosen a different multiplicative or equivariant structure on G, or chosen different local data. Due to the 2-connectedness of G one can then find local data (r, s, t) of an equivalence between Z-multiplicative gerbes, relating local data (c, b, a, β, φ, d) to other local data (c
These are Eqs. (68) and (69) minus the equations corresponding to the commutativity of diagrams of 2-isomorphisms, which are not automatically guaranteed. Anyway, it is now easy to see that
defines a 3-cochain (x, y, z) in the total complex of C q (Z p , U (1)), whose coboundary is u ′ − u. Thus, the class [u] is well-defined.
The second claim about the class [u] is that it is the obstruction against the existence of a Z-multiplicative structure for the pair (G, ω), i.e. there exists a Z-multiplicative structure if and only if [u] = 0. The "only if" part is trivial: if there is a Z-multiplicative structure on (G, ω), the corresponding cocycle u is identically zero, since all the relations (70) are satisfied. Conversely, suppose (x, y, z) is a 3-cochain whose coboundary is (u 0 , ..., u 4 ). Then, the new local data (c, b, a − x, ρ, β, φ − y, d − z) for a Z-multiplicative gerbe satisfies all required conditions. Reconstructing the gerbe, isomorphisms and 2-isomorphisms from this local data yields a Z-multiplicative gerbe with the underlying gerbe isomorphic to G and with the 2-form ω. The latter isomorphism allows to carry the Z-multiplicative structure to G. Tracing back through the extraction of local data, we see that u 0 is the error in the commutativity of the diagram (53) for the 2-isomorphism ϕ z1,z2 of equivariant structures. Thus, its class [u 0 ] ∈ H 3 (Z, U (1)) is the well-known obstruction from [17, 18] to the existence of the descent gerbe G ′ on G ′ = G/Z. Further, once an equivariant structure (the local datum x) is chosen, we see that u x 1 is the error in the commutativity of the diagram which is needed to make (M, η z1,z2 ) a Z 2 -equivariant isomorphism. Thus, the class [u x 1 ] ∈ H 2 (Z 2 , U (1)) obstructs the existence of the descent isomorphism M ′ in the multiplicative structure on the gerbe G ′ .
For the particular case of G k the basic gerbe over a compact, simple and simply-connected Lie group G, and ω k the 2-form (5), we have shown in Sec. V, that the class κ = [u x 1 ] is trivial if and only if the FGK cocycle c associated to G ′ k is trivial (note that the groups G and G ′ = G/Z play here the role ofG and G =G/Z from the first sections of the paper where the discussion was centered on the gerbes over non-simply connected groups). Thus, the calculation of the FGK cocycle carried out in Sec. IV identifies precisely the the situations for which G ′ k is a multiplicative gerbe.
IX. UNIQUENESS OF MULTIPLICATIVE STRUCTURES
In this section we address the question if there are inequivalent choices of Z-multiplicative structures on a pair (G, ω) of a gerbe G over a 2-connected Lie group G and a compatible 2-form ω. First we claim that equivalence classes of Z-multiplicative structures on (G, ω), if they exist, are parameterized by H 3 (Z, U (1)). 
